
502 J. AIRCRAFT, VOL. 35, NO. 3: ENGINEERING NOTES

Fig. 1 Comparison of skin friction calculations with experiment.

Fig. 2 Comparison of shear-stress pro� les with experiment.

Concluding Remarks
This work identi� es inadequate diffusion modeling as the

cause for the inability to model separated � ows or � ows on
the verge of separation. The results suggest that a new diffu-
sion mechanism needs to be introduced in the k equation to
explain observed behavior of turbulent � ows in the presence
of strong adverse pressure gradients at low speeds. The current
modi� cation of the k-v model with an additional diffusion
term based on the pressure gradient showed good agreement
with the experiment when strong adverse pressure gradients
exist in an incompressible � ow.
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I. Introduction

L AMINATED � ber-reinforced composite materials are in-
creasingly used in aeronautical and space vehicles struc-

tures as shallow shell structural elements because of their high
strength-to-weight ratio. However, their use in the design in-
troduces several complicating factors that are not present in
the conventional isotropic material constructions. Such com-
plications are mainly a result of the � ber orientation, the num-
ber of layers used, and their stacking sequence. For ef� cient
use, a good understanding of modern materials’ construction
is needed and their structural stability behavior under various
loads and boundary conditions need to be studied. Because of
the introduction of the geometric matrix concept by Gallagher
and Padlog1 and Kapur and Hartz,2 many authors exploited the
application of the � nite element method for the analysis of linear
and nonlinear buckling of plate and shell structures.3­ 10 In most
of the earlier works on the elastic stability analysis of plates
and shells, the total potential energy functional was used for
the � nite element formulation of the problem. Alternatively,
the problem can be formulated using a two-� eld, variable-
modi� ed functional with the transverse displacement w and
Airy stress function F as the � eld variables of the problem. In
Ref. 11, starting from Reissner’s variational equation for free
vibration of thin isotropic cylindrical curved plates, the Euler
­ Lagrange equations governing the problem and the boundary
conditions were obtained. It was shown that the boundary con-

Received May 10, 1997; revision received Oct. 10, 1997; accepted
for publication Nov. 9, 1998. Copyright q 1998 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Professor, Division of Aeronautical Engineering. Member AIAA.



J. AIRCRAFT, VOL. 35, NO. 3: ENGINEERING NOTES 503

Table 1 Buckling loadsa

a/b m,nb Ref. 16 Present

1.0 1,1 7.124 7.127
1.5 1,1 5.318 5.321
2.0 1,1 5.999 6.001
2.5 2,1 5.706 5.733
3.0 2,1 5.318 5.337
3.5 2,1 5.482 5.496
4.0 3,1 5.495 5.592
a
Critical nondimensional buckling load =0N xx cr

of freely supported [0/90/90/0]0 2 2N b /D p ,xx 22

rectangular � at plate; a = 100 in., h = 1 in., E1

= 21 3 106 psi, E 2 = 0.84 3 106 psi, G12 = 0.42
3 106 psi, and v12 = 0.25.
bm,n are number of half-waves in x and y di-
rections respectively.

ditions on F are as simple and direct to apply as on w. The
formulation was then extended to the buckling analysis,5,6 to
the supersonic � utter,12 to the problem of stability of cylindri-
cally curved isotropic panels subjected to nonconservative tan-
gential follower forces,13 and to the aeroelastic analysis of lam-
inated doubly curved shallow shells.14 The purpose of the
present work is to present a two-� eld, variable-variational for-
mulation, with w and F taken as the � eld variables, for the
elastic stability analysis of � ber-reinforced, doubly curved
shallow shells. It is shown that the functional presented has no
explicit material bending­ extensional coupling terms. These
effects appear only in the equivalent material bending stiffness
constitutive constants. The solution of the problem is made
using a C1 continuity � nite element method. Numerical results
are given and the results obtained are discussed and compared
with previous solutions, whenever available.

II. Problem Formulation
The variational equation of laminated � ber-reinforced, dou-

bly curved shallow shells, considering the effect of the work
done by an initial in-plane prestress load, 0 0 0N , N , Nx y xy

reads5,6,13,14

F F,xx ,yy
d(P*) = 2d w 1 dAFE H JR Rx yA

1 2 2 2* * * *2 [D w 1 D w 1 2D w w 1 4D w11 ,xx 22 ,yy 12 ,xx ,yy 33 ,xyE2 A

* *1 4D w w 1 4D w w ] dA13 ,xx ,xy 23 ,yy ,xy

1 2 2 2* * * *1 [A F 1 A F 1 2A F F 1 4A F22 ,xx 11 ,yy 12 ,xx ,yy 33 ,xyE2 A

* *2 2A F F 2 2A F F ] d A23 ,xx ,xy 13 ,yy ,xy

1 0 2 0 2 02 [N w 1 N w 1 2N w w ] d A = 0 (1)xx ,x yy ,y xy ,x ,yE G2 A

where h is the shell total thickness and, Rx and Ry are the shell
radius of curvature in the x and y directions, respectively. The
material constitutive constants are obtained from the relation

0 21{« } [A*] [2A B] {N}
= (2)21H J F G H J{M} [BA ] [D*] {k}

where {M} and {N} are the stress and moment resultants, {«0}
and {k} are the middle surface strain and curvature vectors,
[A*] = [A]2 1 and [D*] = [D] 2 [B][A]21[B]. The global con-
stitutive matrices, [A], [B], and [D], of the laminated � ber-
reinforced composite material are obtained from the laminas
properties in the reference coordinates, and can be written*Qij

as15,16

n n
1 2 2* *A = Q (h 2 h ), B = Q (h 2 h )ij ij k k21 ij ij k k2 1O Ok k2k=1 k=1

(3)
n

1 3 3*D = Q (h 2 h )ij ij k k21O k3 k=1

where hk is the vectorial distance from the middle surface to
the upper surface of the lamina k, and n is the total number
of the laminas. Notice that Eq. (1) does not have explicit ma-
terial bending-in-plane coupling terms, their effects appear
only in the equivalent constitutive elements A � nite ele-*D .ij

ment solution for the problem at hand can be performed, using
rectangular elements preserving C1 continuity, based on the
functional given in Eq. (1), using � rst-order Hermitian poly-
nomials. The element matrices and the boundary conditions

are obtained in the same manner as previously reported in
Refs. 11 ­ 14, and the system � nite element equations read

0 0[K ]{w} 1 [K ]{F} 1 N [K ]{w} 1 N [K ]{w}ww wF xx Gxx yy Gyy

01 N [K ]{w} = {0}xy Gxy (4a)

[K ]{w} 1 [K ]{F} = {0} (4b)Fw FF

The degrees of freedom {F} can be eliminated using the com-
patibility equation [Eq. (4b)] and the solution of the problem
is reduced to

0 0[K ]{w} 1 N [K ]{w} 1 N [K ]{w}eq xx Gxx yy Gyy

01 N [K ]{w} = {0} (5)xy Gxy

where [Keq] = [Kww] 2 [KwF][KFF]2 1[KFw].

III. Numerical Results and Discussion
The � rst series of calculations presented is for � ber-rein-

forcement composite material rectangular � at plates with sim-
ply supported end conditions on the four edges. This � rst case
has been chosen because it possesses an exact analytical so-
lution for the in-plane buckling loads16 and, thus, can be used
as a test for the precision achieved using the present � nite
element formulation. The material properties used in the cal-
culations are E1 = 21 3 106 psi, E2 = 0.84 3 106 psi, G12 =
0.42 3 106 psi, v12 = 0.25, and four-layer construction [0/90/
90/0]. The layers are of equal thickness and the plate total
thickness was 1 in. The calculations were performed for direct
in-plane initial stress resultant , plate dimension b = 1000N xx

in., and for different plate aspect ratio a /b. All of the present
� nite element calculations were performed for a mesh of 4 3
4 elements. In the present example there is no material or
geometric bending­ stretching coupling, nor bending­ twisting
coupling, i.e., only the effect of orthotropicity is evidenced.
Table 1 shows the results obtained using the present formu-
lation and the comparison with the results of the analytical
formula of Ref. 16. From the results of this table, it can be
observed that a high precision has been achieved using a 4 3
4 mesh and, therefore, this mesh size was considered adequate
for proceeding to calculations of the critical loads for other
con� gurations. In the second series of calculation the effect of
the shell curvature on the critical buckling loads is examined.
Three sets of calculations were done. The � rst set is for cylin-
drically curved shells, the second set is for paraboloidal shells
having 1/Rx = 0.5/Ry, and the third case considered is for spher-
ical shells. All of the calculations were performed for a square
planform and the material properties adopted are the same as
in the � rst example. Again, for such properties there is no
material bending­ stretching coupling, nor bending­ twisting
coupling, so that the effect of the geometric shell curvature
can be directly evidenced. The analyses were performed for
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Table 4 Shell buckling loadsa

1/Ry
0N xxcr

0N yycr
0N xycr =0 0N Nxxcr yycr

Critical buckling loads for simply supported spherical shells,
1/Rx = 1/Ry

0.000 0.406 0.406 0.983 0.203
0.001 1.070 1.070 1.500 0.604
0.002 1.939 1.939 2.186 1.217
0.005 4.667 4.667 4.149 2.983
0.010 9.992 9.992 7.461 6.328
0.025 25.995 25.995 19.091 15.761
a
Critical buckling loads of freely supported [0/90] rectangular shallow

spherical shells; a = b = 100 in., h = 1 in., E1 = 21 3 106 psi, E 2 = 0.84
3 106 psi, G12 = 0.42 3 106 psi, and v12 = 0.25. The critical loads are
nondimensionalized for the simply supported � at-plate value for the [0/90/
90/0] construction, = 1973.57.0N xx cr

Table 3 Shell buckling loadsa

1/Ry
0N xxcr

0N yycr
0N xycr =0 0N Nxxcr yycr

a. Critical buckling loads for simply supported spherical shells,
1/Rx = 1/Ry

0.000 1.000 0.846 2.327 0.500
0.001 4.399 2.011 3.554 1.629
0.002 5.519 3.805 4.632 2.604
0.005 12.093 6.792 7.292 5.123
0.010 21.502 12.513 11.962 9.213
0.025 49.503 30.350 27.546 22.345

b. Critical buckling loads for clamped spherical shells, 1/Rx = 1/Ry

0.000 6.739 2.106 4.361 1.676
0.001 7.600 2.854 4.925 2.335
0.002 9.178 4.673 5.928 3.574
0.005 14.899 8.215 8.607 5.978
0.010 23.680 14.251 13.484 10.401
0.025 56.696 31.438 31.677 24.250
a
Critical buckling loads of simply supported and clamped [0/90/90/0] rectan-

gular shallow spherical shells; a = b = 100 in., h = 1 in., E1 = 21 3 106 psi,
E 2 = 0.84 3 106 psi, G12 = 0.42 3 106 psi, and v12 = 0.25. The critical loads
are nondimensionalized for the simply supported � at-plate value, =0N xx cr

1973.57.

Table 2 Shell buckling loadsa

1/Ry
0N xxcr

0N yycr
0N xycr =0 0N Nxxcr yycr

a. Critical buckling loads for cylindrical shells, 1/Rx = 0

0.000 1.000 0.846 2.327 0.500
0.001 1.201 0.858 2.490 0.600
0.002 1.803 0.893 2.720 0.714
0.005 4.545 1.136 3.264 0.909
0.010 8.021 1.673 4.461 1.506
0.025 20.365 2.692 7.654 2.424

b. Critical buckling loads for paraboloidal shells, 1/Rx = 0.5/Ry

0.000 1.000 0.846 2.327 0.500
0.001 1.452 0.951 2.671 0.726
0.002 2.805 1.263 3.168 1.011
0.005 6.845 2.957 4.965 2.662
0.010 14.260 6.365 8.077 5.104
0.025 36.320 16.353 18.041 12.707

c. Critical buckling loads for spherical shells, 1/Rx = 1/Ry

0.000 1.000 0.846 2.327 0.500
0.001 1.803 1.136 2.898 0.901
0.002 4.209 2.005 3.812 1.604
0.005 9.036 5.564 6.619 4.493
0.010 17.933 10.862 11.333 8.201
0.025 47.344 28.241 27.006 20.985
a
Critical buckling loads of freely supported [0/90/90/0] rectangular shallow

shells; a = b = 100 in., h = 1 in., E1 = 21 3 106 psi, E 2 = 0.84 3 106 psi,
G12 = 0.42 3 106 psi, and v12 = 0.25. The critical loads are nondimension-
alized for the � at-plate value, = 1973.57.0N xx cr

direct, shear, and equal direct biaxial combined critical buck-
ling loads. The results of the analyses are given in Table 2 for
various shell curvatures. From these results it can be concluded
that the curvature effect is always stabilizing in the sense of
increasing the critical buckling load. In the next series of cal-
culations the effect of the boundary conditions on the critical
buckling loads is examined. Only results of spherically curved
shallow shells having square planform are presented. The anal-
yses were performed for the same material properties as in the
previous examples. The results of the calculations for the sim-
ply supported and clamped cases are given in Table 3. The
results of the freely supported case have already been calcu-
lated in Table 2c. From the results obtained it can be concluded
that, for the range of the shell curvatures analyzed, the clamped
boundary conditions always present higher buckling values
compared to the supported conditions. The critical buckling

loads, for the simply supported conditions, are always higher
than the freely supported end conditions. In the next series of
calculations the effect of the material extensional­ bending
coupling on the critical buckling loads is examined. The freely
supported spherical shell with square planform has been taken
as the base of the computation. The same material properties
of the previous examples is again considered and the calcu-
lations were performed for a two-layer construction stacked in
the sequence 0/90. The total shell thickness is the same as in
the previous examples and is equal to 1 in. The asymmetric
layer construction considered here causes a high material ex-
tensional ­ bending coupling that is not present in the previous
examples analyzed. The results of the analyses are given in
Table 4 and should be compared with the results of Table 2c.
From these results it is evident that the material extensional­
bending coupling caused by the asymmetric layer construction
has a large in� uence on the critical buckling loads and is al-
ways destabilizing, in the sense of decreasing the buckling
loads compared to the symmetric layer construction.
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Fig. 1 Wing geometry and coordinate system.
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Aeroelastic Design Optimization
with Experimental Veri� cation
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Introduction

T HE optimal design of aircraft structures subject to aero-
elastic stability constraints, so-called aeroelastic tailoring,

is not new. Early studies involved using the anisotropic prop-
erties of laminated wood or plywood structures to tailor the
structural response caused by aerodynamic forces.1 The devel-
opment of � nite element structural analysis, potential � ow
panel methods, and numerical optimization made it possible to
solve quite complex aeroelastic tailoring problems. Important
early contributions were done by Haftka and Yates2 and Wil-
kinson et al.3 Use of modern composite materials have further
improved the possibilities in tailoring the structural response
under aerodynamic loads for performance bene� ts. The X-29
demonstrator is perhaps the most well-known example.4

Because aeroelastic tailoring is true multidisciplinary anal-
ysis and optimization, there is an obvious risk that modeling
errors in each discipline multiply when the different models
are combined in an optimization process. Evaluation of the
aeroelastic stability constraints involves the solution of nonlin-
ear eigenvalue problems with unsymmetric and complex ma-
trices. It is well known that this type of eigenvalue constraint
is not differentiable with respect to design changes and may
also lead to discontinuities in other problem parameters such
as � utter speed.5­ 7

The purpose of the present paper is to demonstrate the ac-
curacy of the most common analysis methods used in aero-
elastic tailoring for predicting aeroelastic stability by compar-
ing numerical results with wind-tunnel experiments. The
particular interest is to closely investigate design points in the
neighborhood of optimal designs where discontinuities in � ut-
ter speed with respect to design changes appear. The use of
optimal design methods tends to increase the likelihood of ob-
taining structures that, at least in theory, are extremely sensi-
tive to small perturbations and imperfections in material prop-
erties, boundary conditions, and aerodynamic � ow models.

Model Problem
The model design problem was chosen as a thin composite

wing with orthotropic material properties. The design variables
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were the orientation of the material and the size of a number
of concentrated masses used for mass balancing. There are
several advantages with using a polymer composite wing. The
composite material is superior in withstanding large strains,
e.g., when subject to � utter, without permanent deformations
caused by yielding and it offers many possibilities for aero-
elastic tailoring.

The wing geometry and material were selected on the basis
of tunnel performance and geometry. The con� guration was
chosen to be of relevant size, materialize a suitable critical
speed, and to not have a divergence instability. A 15-deg swept
con� guration with 1200-mm span, 200-mm root chord, and
100-mm tip chord was chosen. Planform and de� nition of the
coordinate system are shown in Fig. 1, where g de� nes the
sweep angle and u de� nes the orientation of the 0-deg laminate
axis. The nominal wing thickness was 2.0 mm.

All wings were cut from prefabricated, epoxy-impregnated
woven glass-� ber laminates with the objective to be identical
with respect to planform and thickness. The lay-up was ortho-
tropic with all � bers aligned parallel to either the 0- or 90-deg
axis of the laminate. Because of differences in the weave struc-
ture between the warp and weft yarns, both the Young’s moduli
and the bending stiffnesses varied between the two main axes.
The 0-deg axis was de� ned here as the axis of highest stiffness.

The dominating elastic material properties in the present
aeroelastic problem are the plate stiffnesses, D ij . Several dif-
ferent mechanical tests were performed to determine reliable
and representative material properties. After some considera-
tion it was decided to consistently use the results from a vi-
bration technique8,9 that is able to measure all Dij of a specimen
in one single test. The advantage of the method was notable,
particularly because it is quite dif� cult to measure, e.g., D66

using standard test methods.
The method of Frederiksen8,9 uses experimentally deter-

mined eigenfrequencies of rectangular specimen plates to
match numerical results where the elastic lamina properties are
used as variables in an optimization process. An error function
describing the difference between the experiments and the nu-
merical results is minimized. The experiments showed varia-
tions in elastic properties, primarily because of laminate thick-
ness variations, but likely also because of local deviations in
lamina orientations. Table 1 shows representative plate stiff-
nesses for the thinnest, average, and thickest wing in the in-
vestigation. All material data are given in the global x­ y co-
ordinate system de� ned in Fig. 1.

The out-of-plane shear moduli G13 and G23 were also needed
because the Mindlin plate differential equations10 were used in


